Introduction
Let n be a non-negative integer and consider the set of polynomials S n = ff(x) = n X j=0 " j x j : " j 2 f0; 1g for each j and " 0 = 1g:
The condition " 0 = 1 ensures that the elements of S n are not divisible by x. Let 
S = 1 n=0
S n :
There are interesting open problems concerning the polynomials in S. Using the main result in 1] (with base 2) or using the well-known explicit formula for the number of irreducible polynomials of degree n modulo 2, one can easily show that there are at least on the order of 2 n =n irreducible polynomials in S n . Odlyzko (private communication) has asked whether almost all polynomials in S are irreducible? In other words, does lim n!1 jff(x) 2 S n : f(x) is irreduciblegj 2 n = 1?
It is not even known how to establish that the limit (or the limit supremum) is positive.
Another open problem, posed by Odlyzko and Poonen 2], is to determine whether it is true that if is a root with multiplicity > 1 of some polynomial f(x) in S, then is a root of unity.
The purpose of this paper is to establish two results concerning the polynomials in S. The arguments can be modi ed slightly to allow for the possibility that " 0 = 0 in the de nition of S n . Thus, for b = 3, 4, or 5, we can obtain the density of squarefree numbers in base b among the positive integers consisting only of the digits 0 and 1 in base b. For b = 4, the density is 1=2 times the expression on the right-hand side of (1); for b = 3 and 5, the density is 3=4 times the expression on the right-hand side of (1).
It is of some interest to know a corresponding result for base 10. By applying an argument similar to what we will use for b = 4 in Theorem 1, it can be shown that there are in nitely many squarefree numbers which consist only of the digits 0, 1, and 2. In fact, if d 1 , d 2 , and d 3 are any three distinct digits not equal to 0, 4, and 8 in some order, then there are in nitely many squarefree numbers m in base 10 with each digit of m being either d 1 , d 2 , or d 3 . We will not address this issue further here.
Our second theorem concerns squarefree polynomials in S (polynomials without any roots having multiplicity > 1). We shall see how to obtain the next result as a fairly direct consequence of our approach to establishing Theorem 1. In the next section, we give a proof of Theorem 1 for the case that b = 3. In the process, we will establish some preliminaries for the cases b = 4 and 5. The remainder of the proof of Theorem 1 is given in Section 3. In Section 4, we will establish Theorem 2 using a lemma (Lemma 9) which aided in the proof of Theorem 1.
Some Preliminaries and the Case b = 3
Let n be a positive integer. For integers b and m with m 2, we de ne t(n) = t(n; m; b)
as the number of f(x) 2 S n for which m divides f(b). We begin with an estimate for t(n).
Suppose rst that m and b are integers which are not relatively prime. Then there is a prime p which divides both m and b. Observe that for every f(x) 2 S n , we have f(b) 1 (mod p). Hence, for every f(x) 2 S n , m does not divide f(b), and we deduce that t(n) = 0. : We x " r ; " r+1 ; : : : ; " n 2 f0; 1g arbitrarily and consider f(x) = P n j=0 " j x j 2 S n . Observe that for any choice of " 0 ; " 1 ; : : : ; " r?1 2 f0; 1g, we have
Also, for distinct choices of the r?tuple (" 0 ; " 1 ; : : : ; " r?1 ) with each " j 2 f0; 1g, the numbers P r?1 j=0 " j 3 j are distinct; hence, they are distinct modulo d 2 . We deduce that with " r ; " r+1 ; : : : ; " n 2 f0; 1g xed, there is at most one choice of (" 0 ; " In this section, we complete the proof of Theorem 1. We will improve on the argument given for Lemma 3 to obtain the desired result. We note that the work in this section allows us also to handle the case b = 3 here, but we have chosen to indicate the proof of the case b = 3 separately in the previous section partially because of its simplicity and partially because the case b = 3 of Theorem 1 by itself can be used to obtain Theorem 2 (see Section 4).
As in the previous section, we x " > 0 and consider B to be su ciently large. Analogous The next several lemmas serve to estimate the size of X(r; t). In the end, we will need a more intricate estimate for the case b = 5 than for the case b = 4; in particular, for the case b = 5, we will need to strengthen our next lemma which is a preliminary bound on jX(r; t)j. Lemma 5. Let The lemma now follows from jKj Q j t=1 jK t j and (2). Lemma 6. Let b be an odd integer 5, and let r and j be positive integers with j r. Let In particular, there is at most one choice of u`which leads to d`+ j = 0. We refer to such a choice of u`as \nice."
We keep the notation above and still view u 0 ; u 1 ; : : : ; u`? 1 as xed. Suppose that` 1. Since b is an odd integer relatively prime to tu, we obtain that gcd(b; t(u + v)) = where i is a positive integer 3. At most one such u`is nice, and if such a choice of u`exists we can suppose that it is 1 and do so. We de ne `( u`) = i where i 2 f1; 2; 3g with u`= i . Observe that u in (4) is uniquely determined by the value of ( 1 (u 1 ); 2 (u 2 ); : : : ; r?1 (u r?1 )) (where we are still viewing u 0 as xed). Also, if`2 fj + 1; j + 2; : : : ; r ?1g and `?j (u`? j ) 2 f2; 3g (so that u`? j is not nice), then `( u`) 2. Thus, the set of (r ? intervals ; ] of length < 2b`satisfying the conditions of the lemma.
Since b 3, it is not di cult to check that the intervals in the proof of Lemma 7 above are disjoint. On the other hand, it is already clear in the statement of Lemma 7 that we may consider these intervals to be disjoint. Proof. Since B is su ciently large, the number of f(x) 2 S n as in the lemma is 0 unless n is also large. We therefore consider n large. Let r be a positive integer for which b r > B. We ), then r (n + 3)=2. We therefore suppose, as we may, that r (n + 3)=2.
Recall that each f(x) 2 S n has constant term 1 so that if f(b) is divisible by d In either case, if r > n=(2:4), the above expression on the right is easily 2 n =(nB). We restrict our attention now to r n=(2:4). We note that our method for obtaining this bound on r is not the best possible, and it would be easy to replace 2:4 with a larger number; however, 2:4 will be su cient for what follows.
Let s denote a positive integer n ? 2r. We consider f(x) = P n j=0 " j x j 2 S n with " 2r+s?2 ; " 2r+s?1 ; : : : ; " n xed elements from f0; 1g. Thus, we obtain 2 Thus, f( ) 6 = 0, and we deduce that all roots of the polynomials in S n necessarily have absolute value < 2.
Let g(x) 2 Z x] of degree r 2 1; R], and suppose that g(x) is a factor of some polynomial in S n . It follows that the roots of g(x) are < 2. Also, since polynomials in S n are monic, the leading coe cient of g(x) must be 1. Since the degree of g(x) is R, it follows that each coe cient of g(x) has absolute value less than or equal to the product of 2 R (an upper bound on the absolute value of the product of the roots of g(x)) and 2 R (an upper bound on the number of combinations of r R roots taken k at a time where k 2 f0; 1; : : : ; rg).
Since the absolute value of the coe cients of g(x) are bounded by 4 R and since g(x) has degree R, there are Fix g(x) as above. Suppose that f(x) = P n j=0 " j x j 2 S n is divisible by g(x) 2 . We consider the set T n (f(x)) consisting of the polynomials w(x) = P n j=0 " 0 j x j 2 S n where there is exactly one k 2 f1; 2; : : : ; ng for which " 0 k 6 = " k . In other words, w(x) = P n j=0 " 0 j x j 2 T n (f(x)) if and only if there is a k 2 f1; 2; : : : ; ng such that " 0`= "`for every`2 f0; 1; : : : ; ng with`6 = k and " 0 k = 1 ? " k . Thus, jT n (f(x))j = n. Since f(x) is divisible by g(x) 2 and f(x) has constant term 1, it must be the case that g(x) is not divisible by x. If w(x) = P n j=0 " 0 j x j 2 T n (f(x)) and k 2 f1; 2; : : : ; ng with " 0 k 6 = " k , then f(x) ? w(x) = x k is not divisible by g(x) 2 . We deduce that the elements of T n (f(x)) are not divisible by g(x) 2 . Now, suppose that f 1 (x) and f 2 (x) are distinct polynomials in S n with each divisible by g(x) then there would be some w(x) which di ers from each of f 1 (x) and f 2 (x) by a power of x.
By considering f 1 (x) ? f 2 (x), it follows that for some k and`in f1; 2; : : : ; ng with k >`, x k x`= x`(x k?` 1) is divisible by g(x) 2 . Since the roots of x k?` 1 are distinct and since g(x) is not divisible by x, we deduce that g(x) 2 cannot divide x`(x k?` 1). Hence, T n (f 1 (x)) and T n (f 2 (x)) are disjoint.
For each f(x) 2 S n divisible by g(x) 2 , there correspond n polynomials, namely the elements of T n (f(x)), which are not divisible by g(x) 2 , and these n polynomials are di erent for di erent f(x). Thus, there are 2 n =(n+1) polynomials in S n divisible by g(x) 
